ABSTRACT Very-long baseline interferometric observations have resolved structure on scales of only a few Schwarzschild radii around the supermassive black holes at the centers of our Galaxy and M87. In the near future, such observations are expected to image the shadows of these black holes together with a bright and narrow ring surrounding their shadows. For a Kerr black hole, the shape of this photon ring is nearly circular unless the black hole spins very rapidly. Whether or not, however, astrophysical black holes are truly described by the Kerr metric as encapsulated in the no-hair theorem still remains an untested assumption. For black holes that differ from Kerr black holes, photon rings have been shown numerically to be asymmetric for small to intermediate spins. In this paper, I calculate semianalytic expressions of the shapes of photon rings around black holes described by a new Kerr-like metric which is valid for all spins. I show that photon rings in this spacetime are affected by two types of deviations from the Kerr metric which can cause the ring shape to be highly asymmetric. I argue that the ring asymmetry is a direct measure of a potential violation of the no-hair theorem and that both types of deviations can be detected independently if the mass and distance of the black hole are known. In addition, I obtain approximate expressions of the diameters, displacements, and asymmetries of photon rings around Kerr and Kerr-like black holes.
INTRODUCTION
The supermassive black holes at the centers of the Milky Way and M87 are the prime targets for highresolution very-long baseline interferometric (VLBI) observations with the Event Horizon Telescope (EHT), a planned global array of (sub)millimeter telescopes (Doeleman et al. 2009a,b; Fish et al. 2009 ). Recent VLBI observations at 230 GHz with a three-station array consisting of the James Clerk Maxwell Telescope (JCMT) and Sub-Millimeter Array (SMA) in Hawaii, the Submillimeter Telescope Observatory (SMTO) in Arizona, and several dishes of the Combined Array for Research in Millimeter-wave Astronomy (CARMA) in California resolved structure on scales of only 4r S (Sgr A*; Doeleman et al. 2008 ) and 5.5r S (M87; , where r S ≡ 2GM/c 2 is the Schwarzschild radius of a black hole with mass M and where G and c are the gravitational constant and the speed of light, respectively. Similar observations also detected time variability on these scales in Sgr A* (Fish et al. 2011) . Such measurements have demonstrated the feasibility of VLBI imaging of Sgr A* and the supermassive black hole in M87 on (sub-)event horizon scales. Simulations based on larger telescope arrays support the possibility of directly imaging the shadows of these two supermassive black holes with the EHT .
Using the measurements of the mass and distance of Sgr A* from the monitoring of close stellar orbits (Ghez et al. 2008; Gillessen et al. 2009 ), Broderick et al. (2009a Broderick et al. ( , 2011a combined the VLBI observations of Sgr A* with measurements of its spectral energy distribution (Yuan et al. 2004 and references therein; Marrone 2006) and obtained values of the spin magnitude and direction employing a radiatively inefficient accretion flow (RIAF) model (Yuan et al. 2003; Broderick & Loeb 2006a) . Likewise, Huang et al. (2009) analyzed the VLBI data of Sgr A* using an accretion flow model with plasma wave heating for several different values of the spin and disk inclination. Mościbrodzka et al. (2009) and Dexter et al. ( , 2010 fitted the VLBI and spectral data to sets of images obtained from three-dimensional general-relativistic magnetohydrodynamic (3D-GRMHD) simulations (Gammie et al. 2003; Fragile et al. 2007 Fragile et al. , 2009 McKinney & Blandford 2009 ). In the future, the determination of the spin and orientation of the black hole can be further improved with a multiwavelength study of polarization (Broderick & Loeb 2006b; see, also, Schnittman & Krolik 2009 .
The shadow is a prominent feature of resolved accretion flow images of supermassive black holes. The shape of the shadow depends uniquely on the mass, spin, and inclination of the black hole (e.g., Falcke et al. 2000) as well as on potential deviations from the Kerr metric (Johannsen & Psaltis 2010b; hereafter JP10b) . Images of optically thin accretion flows also reveal a characteristic bright and narrow ring which surrounds the shadow, the so-called photon ring. This ring is the projection along null geodesics of photon trajectories that wind around the black hole many times. Thanks to the long path length through the emitting medium of the photons that comprise the ring, these photons can make a significantly larger contribution to the observed flux than individual photons outside of the ring. Images of the shadows of black holes with optically and geometrically thin accretion disks and of their photon rings have been calculated by several authors (Bardeen 1973; Cunningham & Bardeen 1973; Luminet 1979; Sikora 1979; Fukue & Yokoyama 1988; Jaroszyński et al. 1992; Viergutz 1993; Falcke et al. 2000; Takahashi 2004; Beckwith & Done 2005; Bozza 2008; JP10b; Chan et al. 2013 ). This photon ring is clearly visible in several 3D-GRMHD simulations reported to date (Mościbrodzka et al. 2009; Shcherbakov & Penna 2010) .
The photon rings of Sgr A* and the supermassive black hole in M87 have angular sizes of ∼ 53 µas and ∼ 22 µas, respectively, corresponding to a diameter of ∼ 5.2r S (Johannsen et al. 2012) . Since the shape of the photon ring of a black hole is determined only by the geometry of the underlying spacetime, it is independent of the complicated structure of the accretion flow making it an excellent target of VLBI imaging observations. For a Schwarzschild black hole, the photon ring is circular and centered on the black hole. For Kerr black holes with a spin 0 ≤ |a| ≤ GM/c 2 , where a ≡ GJ/cM is the spin parameter of a black hole with angular momentum J, the photon ring retains a nearly circular shape and is displaced off center (Takahashi 2004; Beckwith & Done 2005; JP10b) . The shape of the photon ring around Kerr black holes becomes asymmetric only in the case of extremely high spin values a 0.9GM/c 2 if the inclination angle is large (JP10b; Chan et al. 2013) . Since the ring diameter of a Kerr black hole depends primarily on the black hole mass, imaging the ring around Sgr A* with VLBI can improve its current mass measurement in conjunction with the monitoring of the ephemerides of stars in its vicinity (Johannsen et al. 2012) .
Images of photon rings can be significantly altered if the black hole is not described by the Kerr metric (JP10b). According to the no-hair theorem, the Kerr metric is the unique black hole metric in general relativity and black holes are fully characterized by their masses and spins (see, e.g., Heusler 1996). However, while there exists evidence for the presence of event horizons in astrophysical black holes (e.g., Narayan et al. 1997; Broderick et al. 2009b) , the Kerr nature of black holes still remains untested to date. Several approaches have been developed to test the no-hair theorem which are based on Kerr-like metrics that deviate from the Kerr spacetime in parametric form (e.g., Manko & Novikov 1992; Collins & Hughes 2004; Glampedakis & Babak 2006; Vigeland & Hughes 2010; Johannsen & Psaltis 2011b; Vigeland et al. 2011) . Observational signatures of potential violations of the no-hair theorem can then be studied in either the electromagnetic (e.g., Johannsen & Psaltis 2010a ,b, 2011a Bambi & Barausse 2011; Bambi 2012a Bambi ,b, 2013a Krawczynski 2012) or gravitational wave spectra (see Gair et al. 2013; Yunes & Siemens 2013 for reviews) .
JP10b analyzed the shapes of photon rings of compact objects described by a quasi-Kerr metric (Glampedakis & Babak 2006) . This metric contains a quadrupole moment of the form
where the parameter ǫ is dimensionless and measures potential deviations from the Kerr metric. When ǫ = 0, the quasi-Kerr metric reduces to the familiar Kerr metric. For nonzero values of the parameter ǫ, photon rings acquire an asymmetric shape. Therefore, the ring shape can be used as a direct measure of a potential violation of the no-hair theorem (JP10b). By construction, however, the quasi-Kerr metric is only appropriate for the description of black holes that do not spin rapidly (Glampedakis & Babak 2006; Johannsen & Psaltis 2010a; Johannsen 2013a) . In order to study deviations from the Kerr metric for black holes with arbitrary spins |a| ≤ GM/c 2 , Johannsen & Psaltis (2011b) constructed a Kerr-like metric that can be used to model accretion flows even around rapidly-spinning black holes. Similar to the quasi-Kerr metric, this metric depends on one set of free parameters in addition to the mass and spin of the compact object. While this structure is adequate for the study of deviations from the Kerr metric of a certain type, it is not the most general form to parameterize deviations from the Kerr metric, because such a Kerr-like metric should depend on at least four independent functions that measure these deviations instead of only one. Furthermore, as in the quasi-Kerr metric, the shapes of the shadows and photon rings of black holes in this metric can only be calculated numerically, because geodesic orbits are generally not integrable. Images of photon rings and accretion flows around black holes and some exotic objects in other theories of gravity were also analyzed by Bambi & Yoshida (2010) , Amarilla et al. (2010) , Bambi et al. (2012) , Amarilla & Eiroa (2012) , and Bambi (2013b) . Chen & Jing (2012) and Liu et al. (2012a) studied the strong gravitational lensing near Kerr-like compact objects.
In this paper, I study the shapes of photon rings around black holes that are described by a new Kerr-like metric proposed recently (Johannsen 2013b ). This metric depends on four sets of deviation functions and describes a black hole for all values of the spin |a| ≤ GM/c 2 . As in the case of the Kerr metric, the equations of motion of particles on geodesic orbits in this metric are fully integrable thanks to the existence of three independent constants of motion. This property allows for the calculation in closed form of the shapes of photon rings in the image plane of an observer at a large distance from the black hole in the limit of vanishing ring thickness. In this case, the photon ring reduces to the projection along null geodesics of the circular photon orbit in the equatorial plane of the black hole, which delineates the silhouette of the shadow of the black hole if its accretion flow is optically thin.
I derive semi-analytic expressions of such photon rings around the Kerr-like black holes described by this metric and of the positions and shapes of these rings in the image plane. I show that the location of the circular photon orbit in the equatorial plane of the black hole as well as the shape of the photon ring depend on the mass, spin, and inclination of the black hole and on two types of deviations from the Kerr metric. In addition, I obtain approximate expressions of the ring diameter, displacement, and asymmetry in terms of these parameters for Kerr and Kerr-like black holes from least-squares fits of a large set of calculated photon ring images.
In Section 2, I summarize the Kerr and Kerr-like metrics that I use in this paper as well as some of their properties. In Section 3, I determine the location of the circular photon orbit and calculate expressions of the shapes of photon rings in the image plane. In Section 4, I derive expressions of the diameters, displacements, and asymmetries of these photon rings and find approximate fit formulae. I discuss my conclusions in Section 5. From here on, I use geometric units and set G = c = 1. In these units, length (and time) scales are expressed in terms of the mass of the black hole, where M = GM/c 2 = r S /2.
KERR AND KERR-LIKE BLACK HOLE METRICS
In Boyer-Lindquist coordinates, the Kerr metric g K µν is given by the elements
where
The Kerr-like black hole metric constructed by Johannsen (2013b) is given by the elements
The metric in Equation (4) contains four free functions, f (r), A 1 (r), A 2 (r), and A 5 (r), each of which depends on a set of parameters which measure potential deviations from the Kerr metric. The Kerr metric is recovered when all deviation parameters vanish, i.e., when f (r) = 0, A 1 (r) = A 2 (r) = A 5 (r) = 1. Thanks to these deviation functions, this metric can describe black holes in alternative theories of gravity that differ from Kerr black holes. However, instead of focusing on any particular modified gravity theory, which would a priori limit the study of non-Kerr black holes to include only those that are predicted by that theory, it was designed in a phenomenological approach, which encompasses large classes of modified theories of gravity corresponding to different choices of the deviation functions. Examples of such theories, which admit non-Kerr black holes that can be described by the metric in Equation (4) in the appropriate limits, include Chern-Simons gravity and Einstein-Dilaton-Gauss-Bonnet gravity (see Johannsen 2013b). Astrophysical observations can then be used to obtain constraints on deviations from the Kerr metric or to infer properties of the underlying, but so far unknown modified theory of gravity should the no-hair theorem be violated.
Just as the Kerr metric, this metric is stationary, axisymmetric, and asymptotically flat. Since all stationary, axisymmetric, asymptotically flat, vacuum metrics in general relativity can be written in terms of four independent functions (see, e.g., Wald 1984 for a detailed discussion), it is natural to introduce four deviation functions to the Kerr metric instead of only one as in the quasi-Kerr metric (Glampedakis & Babak 2006 ) and the metric proposed by Johannsen & Psaltis (2011b) . While the latter two metrics are thus less general than the metric in Equation (4), they remain valid frameworks for the study of observational signatures of potential deviations from the Kerr metric.
The deviation functions in Equations (5)- (9), in turn, are written as power series in M/r. Such a choice allows one to parameterize the deviations in a physically reasonable way given the enormous freedom of potential departures from the Kerr metric. The coefficients of these series are chosen so that the deviations they introduce are consistent with all current weak-field tests of general relativity such as those performed in the solar system and with double neutron stars (see . Since one would expect that the lowest-order coefficients in these power series have the strongest effect on the observed signals, one could image to constrain these coefficients successively order by order with increasing accuracy of the measurements.
For these reasons, I will only study black holes and their photon rings in this paper in the lowest-order metric, i.e, a given black hole only depends on its mass M , spin a, and the deviation parameters ǫ 3 , α 13 , α 22 , and α 52 . In the next section I will show that in this metric photon rings only depend on two deviation parameters, α 13 and α 22 , which modify the (t, t), (t, φ), and (φ, φ) components of the metric. Ultimately, constraints on the coefficients of higher order terms in the deviation functions will be required to obtain a deeper understanding of the full character of the deviation functions.
While the deviation parameters ǫ 3 , α 13 , α 22 , and α 52 can be either positive or negative, they have to be larger than certain lower bounds, because otherwise the central object is a naked singularity and not a black hole. These bounds are given by the expressions (Johannsen 2013b )
Smaller values of these parameters are excluded. For all allowed values of the deviation parameters, the event horizon r + is independent of these parameters and coincides with the event horizon of a Kerr black hole,
Thanks to the stationarity and axisymmetry of the metric in Equation (4), the energy E and angular momentum L z about the z-axis of particles moving along geodesics are conserved. The Kerr metric possesses a third conserved constant of motion, the so-called Carter constant (Carter 1968) . Similarly, the metric in Equation (4) admits a Carter constant of a similar form which is given by the expression (Johannsen 2013b)
where p θ /Σ = p θ is the θ-component of the particle's four-momentum and µ is the rest mass of the particle.
The existence of three constants of motion makes geodesic motion in both of these metrics fully integrable. This property greatly simplifies ray tracing algorithms in these spacetimes which are essential for the calculation of images of black hole accretion flows, because the equations of motion of particles and, in particular, of photons can be written in first order form (see, e.g., Rauch & Blandford 1994; for such algorithms in the Kerr metric).
CIRCULAR PHOTON ORBIT AND PHOTON RING
In this section, I study the location of the circular photon orbit in the equatorial plane of a black hole described by the metric in Equation (4) and its projection along null geodesics onto the image plane of a distant observer. The image of the circular photon orbit marks the silhouette of the black hole shadow (Bardeen 1973; Cunningham & Bardeen 1973 ) which corresponds to the inner edge of the photon ring. Photon rings have a small thickness which is caused by the projection along null geodesics of photon paths that trace many orbits around the black hole but escape eventually. These curves are generally complicated functions of the radius r and the polar angle θ. In the equatorial plane, however, the trajectory is circular and located at a radius r ph , the radius of the circular photon orbit. In this paper, I will neglect the thickness of the photon ring and only discuss thin photon rings which are the projection along null geodesics of the circular photon orbit.
For a Schwarzschild black hole, the circular photon orbit is located at the radius r ph = 3M . In the Kerr metric, this radius is a function of the spin of the black hole. As the spin increases, the circular photon orbit approaches the event horizon and merges with the coordinate radius of the event horizon when a = M . In the Kerr-like metric given by Equation (4), the location of the circular photon orbit also depends on the deviation parameters (c.f., Johannsen & Psaltis 2010a .
In order to calculate the location of the circular photon orbit in the metric given by Equation (4), I make use of the expressions of the energy E and axial angular momentum L z of massive particles on circular equatorial orbits which I already calculated in Johannsen (2013b). In the limit of vanishing rest mass, the energy and axial angular momentum diverge at the location of the circular photon orbit. Both the energy and axial angular momentum for massive particles on circular equatorial orbits (including the ISCO, the innermost stable circular orbit) generally depend on the spin a and the deviation parameters ǫ 3 , α 13 , and α 22 but are independent of the deviation parameter α 52 . The latter deviation parameter only affects the (r, r) component of the metric, which plays no role for particles on circular equatorial orbits in this regard (Johannsen 2013b) . The location of the circular photon orbit, however, depends only on the spin and the deviation parameters α 13 and α 22 , because all terms that are affected by the parameter ǫ 3 also contain the rest mass of the particle which vanishes for photons. I, then, calculate the radius of the circular photon orbit by numerically finding the root of the inverse of the energy E. Equivalently, the axial angular momentum L z could be used instead, which would yield the same result.
In Figure 1 , I plot the radius of the circular photon orbit as a function of the spin of the black hole for different values of the parameters α 13 and α 22 . In Figure 2 , I plot contours of constant circular photon orbit radius as a function of the spin and the deviation parameters α 13 and α 22 . The dependence of the circular photon orbit on these deviation parameters is similar to the dependence of the ISCO on the same deviation parameters (see Johannsen 2013b) . The location of the circular photon orbit depends strongly on both deviation parameters α 13 and α 22 except for black holes that have a nearly maximal spin a ∼ M . In that case, the circular photon orbit radius depends only weakly on the deviation parameters. The location of the circular photon orbit decreases for increasing values of the spin and decreasing values of the parameter α 13 . The circular photon orbit radius also decreases for increasing values of the parameter α 22 if a > 0 and decreasing values of the parameter α 22 if a < 0. For nonspinning black holes, the radius of the circular photon orbit is independent of the parameter α 22 .
In the following, I derive semi-analytic expressions of the images of photon rings around black holes that are described by the metric in Equation (4). In this derivation, I make use of the existence of three independent constants of motion in this metric.
First I define an inertial reference frame of an observer at a large distance from the black hole (or of any local observer). For the basis vectors, I choose 
where {e t , e r , e θ , e φ } is the coordinate basis of the metric. The basis vectors of the local observer are related to the coordinate basis of the metric via the relations where e µα e νβ g µν = ηαβ
and where ηαβ = diag(−1, 1, 1, 1) is the Minkowski metric. The constants ζ and γ in Equation (14) have to be chosen in a manner so that the local basis is orthonormal. From the relations in Equation (16), I obtain the
in terms of the metric elements given by Equation (4). In the new basis, the locally measured energy and axial angular momentum are given by the expressions
I can then define the impact parameters x ′ and y ′ in the usual manner (Bardeen 1973) , which are the Cartesian coordinate axes of the image plane of the observer located at a distance r = r 0 and inclination θ = i:
where (see Johannsen 2013b)
In these expressions, all metric elements are evaluated at r = r 0 and θ = i and I introduced the parameters
where C is the generalized Carter constant given in Equation (13).
In the limit r 0 → ∞, I obtain the expressions
which are similar to the ones for the Kerr metric (Bardeen 1973) . Note that the y ′ -axis is chosen so that it lies in a plane with the rotation axis of the black hole and that the origin of the image plane is centered on the black hole.
In order to obtain explicit expressions of the parameters ξ and η which correspond to the photon ring of the black hole, I determine these parameters from the location of the circular photon orbit. Since these parameters are combinations of the constants of motion, they are conserved along the null geodesics that project the circular photon orbit onto the photon ring in the image plane and can be calculated at any point along these geodesics. This is most easily achieved at the location of the circular photon orbit.
At the circular photon orbit, the r-component of the photon four-momentum (Johannsen 2013b) ,
as well as its radial derivative vanish. Since from Equations (7)-(11)Σ > 0 and A 5 (r) > 0, I only need to consider the function R(r). Thus, I simultaneously solve the equations
for the parameters ξ and η. The expressions for these parameters are given explicitly in the Appendix. • for different values of the spin a and deviation parameters α 13 (top row) and α 22 (bottom row). The ring size is largely determined by the black hole mass and the parameter α 13 , while it is affected only marginally by the spin and the parameter α 22 . The displacement is primarily affected by the spin of the black hole and depends weakly on the deviation parameters. Nonzero values of the deviation parameters, however, can cause the photon rings to be significantly asymmetric.
is displaced off center of the image plane. If the black hole is non-rotating (a = 0) or viewed face-on (i = 0
• ), the photon ring is centered on the black hole. The displacement is reminiscent of the location of the caustics in the Kerr spacetime (Rauch & Blandford 1994; Bozza 2008) .
In Figure 4 , I plot images of the photon rings of black holes that are described by the Kerr-like metric in Equation (4) for different values of the spin and the deviation parameters α 13 and α 22 at an inclination angle i = 90
• . The size of the photon ring is altered primarily by the parameter α 13 and increases for increasing values of this parameter, while the parameter α 22 affects the image size only marginally. Both deviation parameters only have a weak impact on the image displacement compared to the effect of the spin unless the spin is very large, but they have a strong impact on the shape of the image which can be significantly distorted and asymmetric. However, for positive values of the parameter α 13 as well as for negative values of the parameter α 22 , photon rings around Kerr-like black holes can be less asymmetric than photon rings around Kerr black holes with the same spin if the spin is very large. Nonetheless, significant ring asymmetries can only be caused by nonzero deviations from the Kerr metric unless the spin is near-extremal (a 0.9M ) and the inclination is large.
DIAMETER, DISPLACEMENT, ASYMMETRY
Following Takahashi (2004) and JP10b, I define the (horizontal) displacement D of the photon ring relative to the center of the image plane by the expression
where x ′ max and x ′ min are the maximum and minimum abscissae of the ring, respectively. Thanks to the reflection symmetry across the equatorial plane of the black hole and the choice of the coordinate system the image plane, there is no displacement in the vertical direction. Following JP10b, I further define the average radius of the ring by the expression
whereR
The ring diameter is then The ring asymmetry is defined by the expression
Takahashi (2004) calculated the ring displacement as a function of the spin for several inclination angles and determined approximately the maximum ring diameter (across the geometric center of the ring) from a set of calculated ring images. JP10b calculated the ring diameter, displacement, and asymmetry for a number of images generated by a ray tracing algorithm in the Kerr and quasi-Kerr spacetimes. They obtained approximate expressions for these ring characteristics in terms of the mass, spin, and quadrupolar deviation parameter ǫ which was defined in Equation (1). Chan et al. (2013) refined the expressions for the diameter and asymmetry of the photon ring around a Kerr black hole using a set of photon ring images simulated by their high-performance ray tracing code GRay. In the following, I derive semianalytic expressions of the ring diameter, displacement, and asymmetry using the expressions of the ring image that I obtained in the previous section.
Since the ring coordinates x ′ and y ′ in the image defined in Equations (26) and (27) are parameterized in terms of the radius r, it is convenient to use Equation (34) in order to convert the integrals in the ring diameter and asymmetry over the angle α into integrals over the radius by the coordinate transformation
is the Jacobian of this transformation. The ring diameter and asymmetry then become:
where r 1 and r 2 are the two roots of the discriminant in the y ′ -coordinate in Equation (27) with r 1 < r 2 . Note the extra factor of two in the integration over radius, since the integrals have to be evaluated twice in this radial interval.
In Figure 5 , I plot the diameter, displacement, and asymmetry of the photon ring around a Kerr black hole as a function of the inclination for various values of the spin. Chan et al. (2013) obtained very similar results from fits to a number of simulated photon ring images. For small values of the spin, the diameter is practically constant with a value ∼ 10.4M (see JP10b). For values of the spin 0 ≤ |a| 0.77M , the ring diameter lies in the range 10M L 10.4M . For large values of the spin a 0.77M , the ring diameter can be smaller than 10M . The displacement depends approximately linearly on the spin and the sine of the inclination angle (JP10b; Chan et al. 2013; c.f., Bozza 2008 ). The asymmetry is generally small and only significant at very large values of the spin a 0.9M and high inclinations.
In Figure 6 , I plot the diameter, displacement, and asymmetry of the photon ring around a black hole described by the metric in Equation (4) with a spin a = 0.9M as a function of the inclination for different values of the deviation parameters α 13 and α 22 . The ring diameter depends only weakly on the parameter α 22 and is practically constant for fixed values of the parameter α 13 ranging from L ≈ 8M for α 13 = −2 to L ≈ 10.8M for α 13 = 2. Therefore, the value of the deviation parameter α 13 could be inferred from a measurement of the ring diameter if the mass and distance to the black hole are known with sufficient accuracy. The ring displacement, on the other hand, is determined primarily by the spin of the black hole. Even at an inclination angle of i = 90
• , values of the deviation parameters α 13 = ±2 or α 22 = ±2 change the displacement caused by the spin alone by at most 50%. While the spin could, in principle, be inferred from the ring displacement, it is unlikely to yield a useful spin measurement in practice, because , and asymmetry (right) of photon rings around Kerr-like black holes with a spin a = 0.9M as a function of the inclination angle for different values of the deviation parameters α 13 (top row) and α 22 (bottom row). The ring diameter depends only weakly on the parameter α 22 , while it is practically constant for fixed values of the parameter α 13 . The deviation parameter α 13 can be inferred from a measurement of the ring diameter if the mass and distance to the black hole are known. The displacement of the ring is altered by the parameters α 13 and α 22 but depends primarily on the spin. Negative values of the parameter α 13 and positive values of the parameter α 22 can cause the ring shape to be significantly more asymmetric than the photon ring around a Kerr black hole with the same spin. The ring asymmetry is a direct measure of the degree to which the no-hair theorem is violated.
the exact location of the black hole in the image would have to be determined. The asymmetry of the ring is very large if α 13 ≪ 0 or if α 22 ≫ 0. For values of the deviation parameters α 13 = −2 and α 22 = 2, respectively, the asymmetry is ≈ 2.7 and ≈ 3 times as large as the asymmetry of the ring around a Kerr black hole with the same spin at an inclination of i = 90
• . As in the case of the quasi-Kerr metric (see JP10b), the ring asymmetry is, therefore, a direct measure of the degree to which the no-hair theorem is violated.
The modified displacement and asymmetry of photon rings around Kerr-like black holes correspond to the shifted location of the circular photon orbit as shown in Figure 1 . For negative values of the parameter α 13 as well as for positive values of the parameter α 22 , the radius of the circular photon orbit decreases if the black hole spin lies in the range 0 < a < M . Therefore, the photons that comprise the image of the circular photon orbit will experience stronger lightbending which causes the image to become more displaced and more asymmetric as in the case of a the ring around a Kerr black hole with the same spin. Likewise, at least for deviations that are measured in terms of the parameters α 13 , the ring diameter decreases.
Next, I obtain approximate expressions of the diameters, displacements, and asymmetries from a large number of simulated photon rings. First, I obtain fit formulae for these properties of photon ring around Kerr black holes. I computed the diameters, displacements, and asymmetries of 17,113 photon rings from Equations (39), (31), and (40) choosing spin values in the range from a = 0.01M to a = 0.99M in steps of ∆a = 0.01M and from a = 0.991M to a = 0.999M in steps of ∆a = 0.001M for values of the inclination ranging from i = 0.01 to i = 1.57 in steps of ∆i = 0.01. I make the following ansatz for the diameter, displacement, and asymmetry of the photon ring, where the suband superscripts "K" refer to a Kerr black hole:
Using this ansatz, I perform a least-squares fit and obtain the expressions .
In the fit of the displacement, I held the first terms in the parameters D 1 and n 2 fixed so that D K (i, a) ≈ 2a sin i as found in JP10b. The fit formula of the ring diameter is accurate to < 0.09% for spin values a ≤ 0.997M and to < 0.16% for spins a ≤ 0.999M . The fit formula of the displacement is accurate to < 1.1% for spin values a ≤ 0.97M , to < 2.4% for spins a ≤ 0.98M , and to < 3.7% for spins a ≤ 0.999M . For values of the asymmetry A ≥ 0.01M , the asymmetry fit is accurate to < 1% for spin values a ≤ 0.6M , to < 4.8% for spins a ≤ 0.98M , and to < 19.4% for spins a ≤ 0.999M . The largest uncertainties in the fit occur at low inclinations, and the fit is accurate at all spin values to < 2.5% for inclinations i ≥ 22.4
• . Values of the ring asymmetry A < 0.01M , which occur only at spin values a ∼ 0 and inclinations i ∼ 0, were partly affected by numerical uncertainty and, therefore, neglected in the fit. Since these values of the asymmetry are very small, this affects the fit only marginally. The asymmetry can also be fitted with an ansatz of the form A 0 sin n i as in JP10b and Chan et al. (2013) . Such a fit, however, introduces comparatively large errors at high spins, where the asymmetry deviates significantly from a sinusoidal form.
Next, I obtain approximate expressions for the diameters, displacements, and asymmetries of photon rings around the Kerr-like black holes described by Equation (4). I calculated the diameters, displacements, and asymmetries of 288,300 photon rings with spins a/M = 0.05, 0.10, ..., 0.95, 0.998, inclinations i = 0.1, 0.2, ..., 1.5, and deviations α 13 = −1, − 0.9, ..., 2, α 22 = −1, − 0.9, ..., 2. For the respective fit functions, I introduced polynomial functions of the deviations parameters α 13 and α 22 to the corresponding fits for Kerr photon rings in Equations (41)- (43) given by the expressions
From these, I obtained the following values for the fit parameters: 
The fit of the diameter is accurate to < 7.5% for spins a ≤ 0.95M and to < 28.5% for spins a ≤ 0.998M . The fit of the displacement is accurate to < 13.3% in spin range 0.1M ≤ a ≤ 0.85M with an average accuracy of 2%. The accuracy is significantly smaller at high and very low spins and the error can exceed 100% in some cases. Finally, the fit of the asymmetry has an average accuracy of < 4.6%, but it can deviate from the simulated data set by factors of order unity, especially at very high spins. If α 13 = α 22 = 0, these fits reduce to the corresponding fits for photon rings around Kerr black holes in Equations (41)-(43).
CONCLUSIONS
In this paper, I analyzed the location of the circular photon orbit and the shapes of photon rings around Kerrlike black holes which are described by a recently proposed metric (Johannsen 2013b ). This metric depends on four independent parameters and can serve as a framework to model accretion flows around black holes with arbitrary spin |a| ≤ M , for which observational signatures of potential violations of the no-hair theorem can then be studied (c.f., Johannsen & Psaltis 2010a ). This work extends the previous analysis of photon rings in JP10b who studied potential violations of the no-hair theorem in terms of a quasi-Kerr metric (Glampedakis & Babak 2006) up to values of the spin |a| 0.4M . I showed that the radius of the circular photon orbit depends on only two deviation parameters which can shift its location significantly. I derived semi-analytic expressions of the photon ring in the image plane as observed at a large distance away from the black hole and of the inferred diameter, displacement, and asymmetry of the ring. From large sets of simulated ring images, I calculated approximate formulae of the ring diameter, displacement, and asymmetry of both Kerr and Kerr-like black holes. I determined the accuracy of these formulae which is very high for Kerr black holes and moderate for Kerr-like black holes.
In the case of a Kerr black hole, the ring diameter depends only very weakly on the spin and the inclination and can, therefore, be used to improve the mass measurement of Sgr A* in combination with the monitoring of stars on close orbits around the supermassive black hole (Johannsen et al. 2012) . For photon rings in the new Kerr-like metric, I showed that the image size depends primarily on the mass and the deviation parameter α 13 . Therefore, this parameter could be determined from the image size if the mass and distance are known with sufficient accuracy. Currently, Sgr A* has a measured mass and distance with uncertainties of only ≈ 9% and ≈ 5%, respectively (Gillessen et al. 2009 ), which are comparable to the changes of the ring diameter introduced by the parameter α 13 . The uncertainty of the mass of the supermassive black hole at the center of M87 is currently reported to be ≈ 29% assuming no uncertainty in the distance (see Gültekin et al. 2009 and references therein; see, however, Walsh et al. 2013) .
As pointed out by JP10b, the displacement and asymmetry of the photon ring only need to be measured in units of the ring diameter in order to infer the black hole spin and deviation from the Kerr metric. An absolute measurement of these quantities, which would be affected by the uncertainties in the mass and distance measurements, is not necessary. While the displacement of the ring depends primarily on the spin of the black hole, a measurement of the spin from the displacement will be very difficult in practice, because the exact position of the black hole in the image would have to be determined. The asymmetry, on the other hand, depends strongly on the deviation parameters. Since photon rings around Kerr black holes are nearly circular except for values of the spin a 0.9M and at large inclinations (JP10b; Chan et al. 2013) , the ring asymmetry is a direct probe of a violation of the no-hair theorem (c.f., JP10b).
The EHT is expected to achieve an unprecedented angular resolution which lies significantly below the angular sizes of the photon rings of Sgr A* and the supermassive black hole in M87. Thanks to the planned inclusion of the Atacama Large Millimeter/submillimeter Array (ALMA) and state-of-the-art receivers at the other stations, the EHT will also be highly sensitive. Especially the measurement of closure phases between the stations will allow for a highly-resolved study of the shadows and the photon rings of these sources (c.f., Broderick et al. 2011b) . Johannsen et al. (2012) estimated the flux density of the photon ring of Sgr A* to be on the order of 0.1 Jy which means that the ring should be sufficiently bright to be imaged by the EHT.
In order to assess the prospects of the EHT to detect potential deviations from the Kerr metric, detailed simulations of the photon ring will be required which take into account the actual source flux as well as the resolution and sensitivity of the telescope array. A recent analysis of the current VLBI data in the context of a RIAF accretion flow model in a quasi-Kerr background placed first constraints on such deviations (Broderick et al. 2013) . Depending on the magnitude of the deviation parameter, these models also predict different amounts of correlated flux density which should be distinguishable at least along baselines between ALMA and sites in North America (see Figure 5 in Fish et al. 2013) .
Here I limited my analysis to include only thin photon rings which delineate the shadow silhouette of a black hole if its accretion flow is optically thin, which is the case at least for Sgr A* at submillimeter wavelengths. Actual photon rings, however, have a small thickness and the ring images I calculated in this paper coincide with the inner edges of these photon rings, which are marked by a sharp flux fall-off. Further refined models of the ring which take into account its thickness will be required for an image analysis, but the tools developed here should be very useful for such models. Due to the relativistic effects of boosting and beaming, the ring thickness is not uniform and is largest near the equatorial plane on the side of the black hole that approaches the observer. Kamruddin & Dexter (2013) recently constructed a simple crescent model to incorporate the varying ring thickness (see, also, L. Benkevitch et al., in preparation) .
In practice, the image of the photon ring is slightly blurred by the array resolution and interstellar scattering and needs to be disentangled from the image of the accretion flow in the uv-plane, which is only partially sampled by a given set of baselines. Johannsen et al. (2012) used the location of the nulls of the visibility function as a benchmark for the uncertainties in such a measurement and argued that it should be feasible with the EHT. A full analysis will need to extract the ring with a pattern matching technique of the full visibility function.
In the case of Sgr A*, the no-hair theorem may also be tested with two different techniques in the regime of weak gravitational fields. The presence of the spin of the black hole as well as its quadrupole moment introduces torques on stars in close orbits around Sgr A* which cause their orbital planes to precess . While this effect is too small for the currently known S-stars in the vicinity of Sgr A*, because their average distances from the center of mass are too large, these precession frequencies might be measurable for stars within ∼ 1000r S of the black hole, if they are monitored over a sufficiently long time (Merritt et al. 2010) . For these stars, potentially perturbing effects such as those of other stars (Sadeghian & Will 2011 ) and dark matter (Sadeghian et al. 2013) , as well as drag forces exerted by the hot plasma surrounding Sgr A* (Psaltis 2012) , may be negligible. Such observations could be obtained using the second generation instrument GRAVITY for the Very Large Telescope Interferometer (Eisenhauer et al. 2011) .
In addition, if one of the stars orbiting around Sgr A* is a pulsar, timing observations may measure characteristic spin-orbit residuals that are induced by the quadrupole moment of the black hole (Wex & Kopeikin 1999; Pfahl & Loeb 2004; Liu et al. 2012b) . Recently, Mori et al. (2013) reported the discovery of the first pulsar in the vicinity of the Galactic center which lies at a distance of only ∼ 0.1 pc (Rea et al. 2013 ) corresponding to ∼ 2.5 × 10 5 r S . Future measurements obtained by the monitoring of stars, timing observations of pulsars, and VLBI imaging are largely independent of each other and will be affected by different systematic uncertainties. The combination of their results could lead to a robust test of the no-hair theorem. 
